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EMBEDDING FACTORIZATIONS FOR 3-UNIFORM HYPERGRAPHS
AMIN BAHMANIAN AND C. A. RODGER
Abstract. In this paper, two results are obtained on a hypergraph embedding problem.
The proof technique is itself of interest, being the first time amalgamations have been used
to address the embedding of hypergraphs.
The first result finds necessary and sufficient conditions for the embedding a hyperedge-
colored copy of the complete 3-uniform hypergraph of order m, K3
m
, into an r-factorization
of K3n, providing that n ą 2m` p´1`
?
8m2 ´ 16m´ 7q{2.
The second result finds necessary and sufficient conditions for an embedding when not
only are the colors of the hyperedges of K3
m
given, but also the colors of all the “pieces”
of hyperedges on these m vertices are prescribed (the “pieces” of hyperedges are eventually
extended to hyperedges of size 3 in K3
n
by adding new vertices to the hyperedges of size 1
and 2 during the embedding process).
Both these results make progress towards settling an old question of Cameron on com-
pleting partial 1-factorizations of hypergraphs.
1. Introduction
A k-hyperedge-coloring of a hypergraph G (we give a precise definition of a hypergraph
in the next section) is a mapping K : EpG q Ñ C, where C is a set of k colors (often
we use C “ t1, . . . , ku), and the hyperedges of one color are said to form a color class.
Let G be a hypergraph, and let H be a family of hypergraphs. We say that G has an
H -decomposition if there exists a partition tEpH1q, . . . , EpHmqu of EpG q such that Hi is
isomorphic to a hypergraph in H for 1 ď i ď m.
The general setting for this paper is as follows. Let H and H ˚ be two families of
hypergraphs. Given a hypergraph G with an H -decomposition and a hypergraph G ˚ which
is a super-hypergraph of G , under what circumstances can one extend the H -decomposition
of G into an H ˚-decomposition of G ˚? In other words, given a hyperedge-coloring of G in
which each color class induces a hypergraph in H , is it possible to extend this coloring to a
hyperedge-coloring of G ˚ so that each color class of G ˚ induces a hypergraph in H ˚? Most
naturally, G is usually taken to be the complete h-uniform hypergraph on m vertices, Khm.
Solving this problem requires knowledge about hypergraph decompositions; compared to
graph decompositions, very little is known about these, even for special cases. Perhaps the
best evidence for this difficulty is the long standing open problem of Sylvester in 1850 (in
connection with Kirkman’s famous Fifteen Schoolgirls Problem [13]) which asks whether it
is possible to find a 1-factorization of Khn (see the next section for definitions). It took 120
years before Baranyai finally settled this conjecture [3]. After Baranyai’s proof appeared, in
1976 Cameron [6] asked the following question:
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Under what conditions can partial 1-factorizations ofKhm be extended to 1-factorizations
of Khn?
This problem is wide open and to the authors1 best knowledge, the only partial results
address the very special case of embedding a 1-factorization of Khm into a 1-factorization of
Khn [4, 8].
Here we make some progress toward settling this problem, considering the following related
general embedding problem that is natural in their own right. When can a hyperedge-coloring
of a given hypergraph G on m vertices be embedded into a hyperedge-coloring of K3n in such
a way that each color class forms an r-factor? So the special case when r “ 1 and G “ Khm
addresses the Cameron question in the situation where the given partial 1-factors are all
defined on a set of m vertices.
In Section 3, we assume that precisely the hyperedges of size 3 on m vertices have been
colored; that is, the given hypergraph is G “ K3m), giving a complete solution if n ą
2m ` p´1 ` ?8m2 ´ 16m´ 7q{2 (see Theorem 3.1). Lemma 3.2 then shows that Theorem
3.1 is not true if this bound on n is replaced by n ě 2m ´ 1. In Section 4 we assume that
not only the hyperedges of size 3 are colored, but so are all the “pieces” of hyperedges of
K3n that contain one or two of the given m vertices (i.e. n ´ m and
`
n´m
2
˘
copies of the
hyperedges in K2m and K
1
m, respectively); these pieces are built up to hyperedges of size 3
when the new vertices are added. In this case the problem is completely solved in Section
4, providing necessary and sufficient conditions (see Theorem 4.1).
The results in this paper supplement embedding results for graphs. Such results typically
take a given edge-coloring of all the edges of a smaller complete graph and extend it to an
edge-coloring of all the edges of a bigger complete graph in such a way that each color class
is one of a given family of graphs. Hilton [10] used amalgamations to solve the problem
of embedding an edge-coloring of Km into a Hamiltonian decomposition of Kn. This was
later generalized by Nash-Williams [16]. Hilton and Rodger [12] considered the embedding
problem for Hamiltonian decompositions of complete multipartite graphs. For embeddings
of factorizations in which connectivity is also addressed, see [11, 14, 17].
It is worth remarking that embeddings of combinatorial structures with the same flavor
as results found in this paper have a long history. For example, in his 1945 paper [9], Hall
proved that every p ˆ n latin rectangle on n symbols can be embedded in a latin square of
size n. Following this classic embedding theorem, in 1951 Ryser generalized Hall’s result to
pˆ q latin rectangles on n symbols [18]. Ryser’s result is equivalent to embedding a proper
edge-coloring of the complete bipartite graph Kp,q into a 1-factorization of Kn,n. Doyen
and Wilson [7] solved the embedding problem for Steiner triple systems (K3-decompostions
of Kn), then Bryant and Horsley [5] addressed the embedding of partial designs, proving
Lindner’s conjecture [15] that any partial Steiner triple system of order u, PSTSpuq, can be
embedded in an STSpvq if v ” 1, 3 pmod 6q and v ě 2u` 1. (2u` 1 is best possible in the
sense that for all u ě 9 there exists a PSTSpuq that can not be embedded in an STSpvq for
any v ă 2u` 1.)
2. Detachments of amalgamated hypergraphs
For the purpose of this paper, a hypergraph G is an ordered quintuple pV pG q, EpG q, HpG q,
ψ, φq where V pG q, EpG q, HpG q are disjoint finite sets, ψ : HpG q Ñ V pG q is a function
and φ : HpG q Ñ EpG q is a surjection. Elements of V pG q, EpG q, HpG q are called vertices,
hyperedges and hinges of G , respectively. A vertex v (hyperedge e, respectively) and hinge
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h are said to be incident with each other if ψphq “ v (φphq “ e, respectively). A hinge h is
said to attach the hyperedge φphq to the vertex ψphq. In this manner, the vertex ψphq and
the hyperedge φphq are said to be incident with each other. If e P EpG q, and e is incident
with n hinges h1, . . . , hn for some n P N (N is the set of positive integers), then the hyperedge
e is said to join (not necessarily distinct) vertices ψph1q, . . . , ψphnq. If v P V pG q, then the
number of hinges incident with v is called the degree of v and is denoted by dG pvq. The
number of distinct vertices incident with a hyperedge e, denoted by |e|, is called the size of
e. If for all hyperedges e of G , |e| ď 2 and |φ´1peq| “ 2, then G is a graph.
Note that a hypergraph as defined here corresponds to a hypergraph as usually defined
providing hyperedges are allowed to contain vertices multiple times. We imagine each hy-
peredge of a hypergraph to be attached to the vertices which it joins by in-between objects
called hinges. A hypergraph may be drawn as a set of points representing the vertices. A
hyperedge is represented by a simple closed curve enclosing its incident vertices. A hinge
is represented by a small line attached to the vertex incident with it (see Figure 1). Any
undefined term may be found in [1].
If F “ pV,E,H, ψ, φq is a hypergraph and Ψ is a function from V onto a set W , then
we shall say that the hypergraph G “ pW,E,H,Ψ ˝ ψ, φq is an amalgamation of F and
that F is a detachment of G . Associated with Ψ (Ψ is called the amalgamation function)
is the number function g : W Ñ N defined by gpwq “ |Ψ´1pwq|, for each w P W ; being
more specific, we may also say that F is a g-detachment of G . Intuitively speaking, a g-
detachment of G is obtained by splitting each u P V pG q into gpuq vertices. Thus F and G
have the same hyperedges and hinges, and each vertex v of G is obtained by identifying those
vertices of F which belong to the set Ψ´1pvq. In this process, a hinge incident with a vertex
u and a hyperedge e in F becomes incident with the vertex Ψpuq and the hyperedge e in
G . Since two hypergraphs F and G related in the above manner have the same hyperedges,
coloring the hyperedges of one of them is the same thing as coloring the hyperedges of the
other. Hence an amalgamation of a hypergraph with colored hyperedges is a hypergraph
with colored hyperedges.
Example 2.1. Let F “ pV,E,H, ψ, φq, with V “ tvi : 1 ď i ď 8u, E “ te1, e2, e3u, H “
thi : 1 ď i ď 9u, such that for 1 ď i ď 8, ψphiq “ vi , ψph9q “ v6 and φph1q “ φph2q “
φph3q “ e1, φph4q “ φph5q “ φph6q “ e2, φph7q “ φph8q “ φph9q “ e3. Let Ψ : V Ñ
tw1, w2, w3, w4u be the function with Ψpv1q “ Ψpv2q “ Ψpv3q “ w1, Ψpv4q “ w2, Ψpv5q “
Ψpv6q “ w3, Ψpv7q “ Ψpv8q “ w4. The hypergraph G is the Ψ-amalgamation of F (see
Figure 1).
e1
v3
h3
h4
h7
v1
h5
v7
v8
h8
h9
h1
v2
h2
v4 v5
h6
v6
e2
e3
F
e1
h4
h9
w2
h6
e2
e3
w1
h1
h2 h3
h5
w4
w3
h7
h8
G
Figure 1. A visual representation of a hypergraph F with an amalgamation G
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A hypergraph G is said to be r-regular if every vertex has degree r. An r-factor of G is an
r-regular spanning sub-hypergraph of G . An r-factorization is a set of r-factors whose edge
sets partition EpG q. A hypergraph G is said to be k-uniform if |e| “ |φ´1peq| “ k for each
e P EpG q (so each vertex in a hyperedge is attached to it by exactly one hinge). A k-uniform
hypergraph with n vertices is said to be complete, denoted by Kkn, if every k distinct vertices
are joined exactly by one hyperedge. The sub-hypergraph of G induced by the color class j
is denoted by G pjq.
In the remainder of this paper, all hypergraphs are either 3-uniform or are amalgamations
of 3-uniform hypergraphs. This implies that for every hypergraph G we have
(1) 1 ď |e| ď |φ´1peq| “ 3 for every e in G .
If u, v, w are three (not necessarily distinct) vertices of G , thenmpu, v, wq denotes the number
of hyperedges that join u, v, and w. For convenience, we let mpu2, vq “ mpu, u, vq, and
mpu3q “ mpu, u, uq. If we think of an edge as a multiset, then mpu2, vq (or mpu3q) counts
the multiplicity of an edge of the form tu, u, vu (or tu, u, uu, respectively).
For the purpose of this paper, we need the following result which is a special case of both
Theorem 3.1 in [1], and Theorem 4.1 in [2]. To state it, some notation must be introduced.
For g : V pF q Ñ N, we define the symmetric function g˜ : V 3pF q Ñ N such that for distinct
x, y, z P V pF q, g˜px, x, xq “ `gpxq
3
˘
, g˜px, x, yq “ `gpxq
2
˘
gpyq, and g˜px, y, zq “ gpxqgpyqgpzq. Also
we assume that for each x P V pF q, gpxq ď 2 implies mF px3q “ 0, and gpxq “ 1 implies
mF px2, yq “ 0 for every y P V pF q. If x, y are real numbers, then txu and rxs denote the
integers such that x´ 1 ă txu ď x ď rxs ă x` 1, and x « y means tyu ď x ď rys.
Theorem 2.2. (Bahmanian [1, Theorem 3.1]) Let F be a k-hyperedge-colored hypergraph
and let g be a function from V pF q into N. Then there exists a 3-uniform g-detachment G of
F with amalgamation function Ψ : V pG q Ñ V pF q, g being the number function associated
with Ψ, such that:
(A1) for each x P V pF q, each u P Ψ´1pxq and each j P t1, . . . , ku
dG pjqpuq «
dF pjqpxq
gpxq ; and
(A2) for every x, y, z P V pF q, with gpxq ě 3 if x “ y “ z, and gpxq ě 2 if |tx, y, zu| “ 2,
and every triple of distinct vertices u, v, w with u P Ψ´1pxq, v P Ψ´1pyq and w P
Ψ´1pzq,
mG pu, v, wq « mF px, y, zq
g˜px, y, zq .
3. Embedding partial hyperedge-colorings into factorizations
In this section we completely solve the embedding problem in the case where all the
hyperedges of size 3 on a set of m vertices have been colored, providing n is big enough. We
then show that some lower bound on n is needed, since the necessary conditions of Theorem
3.1 are not sufficient if n “ 2m´ 1.
Theorem 3.1. Suppose that n ą 2m` p´1 `?8m2 ´ 16m´ 7q{2. A q-hyperedge-coloring
of F “ K3m can be embedded into an r-factorization of G “ K3n if and only if
(i) 3  rn,
(ii) r  `n´1
2
˘
,
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(iii) q ď `n´1
2
˘{r, and
(iv) dF pjqpvq ď r for each v P V pF q and 1 ď j ď q.
Proof. To prove the necessity, suppose that F with V “ V pF q can be embedded into an
r-factorization of G . Since each edge contributes 3 to the the sum of the degrees of the
vertices in an r-factor, r|V pG q| must be divisible by 3 which implies (i). Since each r-factor
is an r-regular spanning sub-hypergraph and G is
`
n´1
2
˘
-regular, we must have r  `n´1
2
˘
,
which is condition (ii). This r-factorization requires exactly k “ `n´1
2
˘{r colors which is
condition (iii), and to be able to extend each color class to an r-factor we need condition
(iv).
Now assume that conditions (i)–(iv) are true. By Baranyai’s theorem [3], the case of
m ď 3 is trivial, and so we may assume that m ě 4. Let ej “ |E
`
F pjq˘| for 1 ď j ď k.
In what follows, we extend the hyperedge-coloring of F into a k-hyperedge-coloring of an
amalgamation of G , and then we apply Theorem 2.2 to obtain the detachment G in which
each color class is an r-factor. The hyperedges added in steps (I), (II), and (III) correspond
to the hyperedges in G that contain one, two, and three new vertices, respectively.
(I) Let F1 be a hypergraph formed by adding a new vertex u and hyperedges to F such
that mpu, v, wq “ n ´ m for every pair of distinct vertices v, w P V . Of course the
hyperedges in EpF q X EpF1q are already colored. We color greedily as many of the
added pn ´mq`m
2
˘
hyperedges as possible, ensuring that dF1pjqpvq ď r for 1 ď j ď k.
Suppose there exists a hyperedge incident with u,v and w that is not colored. Then
for 1 ď j ď k either dF1pjqpvq “ r or dF1pjqpwq “ r, so dF1pjqpvq ` dF1pjqpwq ě r for
every 1 ď j ď k. Therefore 2`m´1
2
˘ ` 2pn ´mqpm ´ 1q ´ 2 “ dF1pvq ` dF1pwq ´ 2 ěřk
j“1
`
dF1pjqpvq ` dF1pjqpwq
˘ ě řkj“1 r “ kr “ `n´12 ˘, in which the first inequality
follows from that fact that at least one hyperedge incident with v and w is not colored.
So, 2pm´ 1qpm´ 2q ` 4pn ´mqpm´ 1q ´ 4 ě pn ´ 1qpn ´ 2q. Thus n2 ´ 4nm` n `
2m2 ` 2m` 2 ď 0. So
n ď 2m` p´1`
?
8m2 ´ 16m´ 7q{2,
a contradiction. So all hyperedges can be colored greedily. Let fj be the number of
hyperedges of color j in some such coloring for 1 ď j ď k.
(II) Let F2 be a hypergraph formed by adding m
`
n´m
2
˘
further hyperedges to F1 so that
mpu2, vq “ `n´m
2
˘
for each v P V . Note that for each v P V ,
dF2pvq “
ˆ
m´ 1
2
˙
` pm´ 1qpn´mq `
ˆ
n ´m
2
˙
“
ˆ
n ´ 1
2
˙
“ rk.
Since dF1pjqpvq ď r for v P V and 1 ď j ď k, to ensure that dF2pjqpvq “ r, we color
r´ dF1pjqpvqpě 0q hyperedges incident with v that were added in forming F2 from F1
with color j for each v P V and 1 ď j ď k. So the coloring we perform in this step
results in all the newly added hyperedges being colored. Let gj denote the number of
such hyperedges of color j for 1 ď j ď k.
(III) Let F3 be the hypergraph formed by adding
`
n´m
3
˘
further hyperedges to F2 so that
mpu3q “ `n´m
3
˘
. Let ℓj :“ rpn{3 ´mq ` fj ` 2ej for 1 ď j ď k. We claim that ℓj ě 0
for 1 ď j ď k. To prove this, it is enough to show that n ě 3m. Since m ě 4 ą
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p3`?17q{2, we have m2 ´ 3m´ 2 ě 0. Therefore, 8m2 ´ 16m´ 7 ě 4m2 ´ 4m` 1,
and thus
?
8m2 ´ 16m´ 7 ě 2m ´ 1, which implies p1 ` ?8m2 ´ 16m´ 7q{2 ě m,
and consequently we have tp1 ` ?8m2 ´ 16m´ 7q{2u ě m. Since n ą 2m ` tp1 `?
8m2 ´ 16m´ 7q{2u, we have n ě 3m.
Now we color the added hyperedges such that there are exactly ℓj further hyperedges
colored j for 1 ď j ď k. This is possible because
kÿ
j“1
ℓj “
kÿ
j“1
`
rpn{3´mq ` fj ` 2ej
˘
“ rkpn{3´mq `
kÿ
j“1
fj ` 2
kÿ
j“1
ej
“
ˆ
n´ 1
2
˙
pn{3´mq ` pn ´mq
ˆ
m
2
˙
` 2
ˆ
m
3
˙
“ n3{6 ´ n2m{2 ´ n2{2` nm2{2` nm
` n{3 ´m3{6 ´m2{2 ´m{3
“
ˆ
n´m
3
˙
“ mF3pu3q.
Let us fix j P t1, . . . , ku. Since dF3pjqpvq “ r for v P V , we have
(2) rm “
ÿ
vPV
dF3pjqpvq “ 3ej ` 2fj ` gj.
On the other hand,
dF3pjqpuq “ 3ℓj ` 2gj ` fj “ rpn´ 3mq ` 3fj ` 6ej ` 2gj ` fj
“ rpn´ 3mq ` 4fj ` 6ej ` 2gj.
This together with (2) implies that for 1 ď j ď k,
dF3pjqpuq “ rpn´ 3mq ` 2rm “ rpn´mq.
(IV) Let g : V pF3q Ñ N be a function with gpuq “ n ´m, and gpvq “ 1 for each v P V .
By Theorem 2.2, there exists a 3-uniform g-detachment G ˚ of F3 with n ´ m new
vertices, say u1, . . . , un´m detached from u such that
‚ dG˚pjqpvq “ dF3pjqpvq{gpvq “ r{1 “ r and dG˚pjqpuiq “ dF3pjqpuq{gpuq “ rpn ´
mq{pn ´mq “ r for 1 ď i ď n ´m and 1 ď j ď k;
‚ mG ˚pui, ui1, ui2q “ mF3pu3q{
`
gpuq
3
˘ “ `n´m
3
˘{`n´m
3
˘ “ 1 for 1 ď i ă i1 ă i2 ď n´m;
‚ mG ˚pui, ui1, vq “ mF3pu2, vq{
``
gpuq
2
˘
gpvq˘ “ `n´m
2
˘{`n´m
2
˘ “ 1 for 1 ď i ă i1 ď
n ´m, and v P V , and
‚ mG ˚pui, v, wq “ mF3pu, v, wq{
`
gpuqgpvqgpwq˘ “ pn´mq{pn ´mq “ 1 for 1 ď i ď
n ´m and distinct v, w P V .
Therefore G ˚ – G “ K3n and each color class is an r-factor. This completes the proof.

Lemma 3.2. Conditions (i)–(iv) of Theorem 3.1 are not sufficient if n “ 2m´ 1.
Proof. Suppose that the hyperedge-coloring of K3m induces an r-factorization. Then in the
embedding, the sub-hypergraph of K3n on the new n´m vertices induced by the hyperedges
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having the original colors clearly has an r-factorization (each of the colors induces an r-
factor). Therefore n ´m ě m, or equivalently n ě 2m. So if r is chosen so that 3  r and
r  m´ 1, then it is easy to check that conditions (i)–(iv) of Theorem 3.1 are satisfied when
n “ 2m´ 1, yet no embedding is possible. 
4. extending restrictions of partial edge-colorings
If every hyperedge e of the hypergraph G is replaced with λ (ě 2) copies of e then denote
the resulting (multi) hypergraph by λG . If G1, . . . ,Gt are hypergraphs on the vertex set V
with edge sets EpG1q . . . , EpGtq respectively, then let
Ťt
i“1 Gi be the hypergraph with vertex
set V and edge set
Ťt
i“1EpGiq.
In this section we completely solve the embedding problem in the case where all the
hyperedges in F “ K3m Y pn´mqK2m Y
`
n´m
2
˘
K1m on a set of m vertices have been colored,
regardless of the size of n. One can think of the given colored hyperedges as being all the
“pieces” of hyperedges on these m vertices that are eventually extended to hyperedges of
size 3 by adding the new n´m vertices during the embedding process.
Let EipG pjqq denote the set of hyperedges of size i and color j in G .
Theorem 4.1. A k-hyperedge-coloring of F “ K3mYpn´mqK2mY
`
n´m
2
˘
K1m with V “ V pF q
can be extended to an r-factorization of G “ K3n if and only if
(i) 3  rn,
(ii) r  `n´1
2
˘
,
(iii) k “ `n´1
2
˘{r,
(iv) dF pjqpvq “ r for each v P V and 1 ď j ď k, and
(v) |E2pF pjqq| ` 2|E3pF pjqq| ě rpm´ n{3q for 1 ď j ď k.
Proof. First, suppose that F can be embedded into an r-factorization of G . The necessity of
(i)–(iv) follow as described in the proof of Theorem 3.1; equalities in this result replace the
inequalities there because the colors of all hyperedges restricted to F have been prescribed
in this case. Let us fix j P t1, . . . , ku. Let ej , fj, gj, and ℓj be the number of hyperedges in
EpG pjqq that are incident with exactly 3, 2, 1 and 0 vertices in V , respectively. It is easy
to see that ej “ |E3pF pjqq| and fj “ |E2pF pjqq|. Since rpn ´ mq “ 3ℓj ` 2gj ` fj, and
rm “ gj`2fj`3ej, we have rpn´3mq “ 3ℓj´3fj´6ej, and thus ℓj “ rpn{3´mq`fj`2ej ,
but since ℓj ě 0, we must have 2ej ` fj ě rpm´ n{3q. This proves (v).
To prove the sufficiency, assume that conditions (i)–(v) are true. Let F 1 be a hypergraph
formed by adding a new vertex u to F with mpu3q “ `n´m
3
˘
, and extending each hyperedge
of size one or two to a hyperedge incident with u of size two or three, respectively. We
extend the hyperedges of size one (two, respectively) such that u is incident with two (one,
respectively) hinges within that hyperedge. Ignoring colorings, F 1 is isomorphic to F3 in
the proof of Theorem 3.1, and F 1 is an amalgamation of G . We color rpn{3´mq ` fj ` 2ej
of the new hyperedges with color j. This coloring results in all the newly added hyperedges
being colored. The rest of the proof is identical to part (IV) of Theorem 3.1. 
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